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Annotatsiya:

Ushbu ishda tip o‘zgarish chizig‘i silliq bo‘lmagan parabolo-giperbolik tenglama uchun
qo‘yilgan integral shartli masalaning bir qiymatli yechilishi tadqiq qilingan.

Kalit so’zlar: parabolo-giperbolik tenglama, integral shartli masala, giymat.

KIRISH

Ma’lumki, aralash tipdagi differensial tenglamalar bo‘yicha tadqiqotlar tarixi bir asrga yagin
bo‘lib, hozirgi kunda xususiy hosilali differensial tenglamalar nazariyasining jadal
rivojlanayotgan yo‘nalishlaridan biri hisoblanadi.

Avralash tipdagi parabolo-giperbolik tenglamalar uchun turli lokal va nolokal shartli masalalar
xorijiy va respublikamiz olimlari tomonidan tadgiqotlar olib borilmogda [masalan 1-15].

XOy tekisligining X>0, y >0 bo‘lganda X =1, y =1 to‘g‘ri chiziglar bilan, x>0, y<0

bo‘lganda X=0, X—y =1 hamda X<0, Yy>0 bo‘lganda esa Yy =0, Xx—y=—-1 to‘g‘ri
chiziglar bilan chegaralangan D sohada

uxx—%(l—sign(xy))uW —%(l+ sign(xy))u, =0 )
tenglamani garaylik,

D, =D {(xy):x>0,y>0}, D,=Dn{(x,y):y<0,x+y>0},
D,=Dn{(x,y):y<0,x+y<0}, D;=Dn{(x,y):x<0,x+y>0},
D,=D{(x,y):x<0,x+y<0};

0O4,, OA4,, OB,, OB, lar mos ravishda Xx=0, y=0 chiziglarning kesmalari, bu yerda
0(0,0), A(0,1), B,(10), A(0-1), B,(-10), E(]/Z,—]/Z), F(—]/Z,]/Z),

| ={(x,y):x+y=0,(-1/2) <x<(1/2)}.
(1) tenglama D, va D, U D, (D3 U D4) sohalarda mos ravishda parabolik va giperbolik
tipga tegishli bo‘lib, u D, sohada

Uy —U, =0, (X,y)eDy, )
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D, u D, va D, U D, sohalarda

Uy —U, =0, (x,y)eD,uD,uUD,UD, 3)

ko‘rinishlarda yoziladi; OB, va OA, — (1) tenglamaning tip o‘zgarish chiziglari bo‘lib, OB, —
(1) tenglama uchun xarakteristika bo‘ladi, O4, esa xarakteristika bo‘lmaydi.

D sohada quyidagi masalani garaylik.
BS, masala. Quyidagi shartlarni ganoatlantiruvchi u(X, y) funksiya topilsin:

1) u(x,y) funksiya D,, D;, D,, D,, D, sohalarda (1) tenglamaning regulyar yechimi;
2)u(x,y)eC(D)nCZ (D,)nC:(D, D, UD,uD,\1) sinfga tegishli;

3)  quyidagi shartlarni ganoatlantirsin:

u@y)=a(y)u@y)+e(y), 0<y<l; @)
u, (0, y)="f(y), -1<y<O0; (5)
u@,y)=-u(0,-y)+ f,(y), -1<y<0; (6)
u,(x,00=9g,(x), -1<x<0; (7)
u(x,0) =u(-x,0)+g,(x),-1<x<0, (8)

OB, va OA, tip o‘zgarish chiziqlarida esa
u,(x,+0)=u,(x,-0), 0<x<1,
u,(+0,y) =u,(x,-0), O<y<l1
ulash shartlarini bajarsin, bu yerda a(y), @(y), f,(y), f,(y),9,(x), g, (x) —berilgan uzluksiz

funksiyalar.
Masalani tadgiq gilishda quyidagi belgilash va farazlarni kiritaylik:
u(x,0)=7,(x), 0<x<1;u,(x,0)=v,(x), 0<x<1;

u(0,y)=7,(y), 0=y<1;u,(0,y) =v,(y), 0<y<l;
T (x)eC [0,1] M CZ(O,l) V| (x) e C1(0,1) N L(0,1), j :1,_4.
Yugoridagilarga asosan Dj j= 1_4 sohalarda (1) tenglama uchun Koshi masalasining yechimi

u(x, y) funksiyani quyidagi

U =20 +ax-N]S [uOd, ke ©
uxy)=2[H 0+ -0] 4 [ VO xedi o
U ) =Z[ry 0 +n -0+ [nOd,  xyed: @
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1r « . 1% .
U(X, y)=§|:2'1(X+y)+Z'1(X—y):|+E J. Vl(t)dt’ (X’ Y)€D4- (12)
-y

ko‘rinishlarda yozish mumkin.
Masalaning qo‘yilishiga ko‘ra
lim u(x,y)= lim u(x,y), 0<x<(1/2) (13)
0 y—>—x+0

y—>—X—
tenglik o‘rinli.
(9) va (10) ifodalarni (13) tenglikka bo‘ysundirib,
2X 0
7,(0) + 7,(2x) - Ivl(t) dt = 7,(0) + 7, (—2x) + j vo(t)dt, 0<x<1/2
0 —2X

munosabat kelib chigadi.
Oxirgi tenglikda 7,(0) = 7, (0) ekanligini tenglikni e’tiborga olib hamda 2X = Z almashirish
bajarasak,

7.(2)-7,(~2) =j[v1(t) +v,(-t) Jdt, 0<z<1 (14)

hosil bo‘ladi.
(14) tenglikda (5), (6) shartlarni va yuqoridagi belgilashlarni e’tiborga olib

7.(2) +1,(2) = j [V, (©) + f,(-t)]dt + f,(~2). (15)
0
munosabat topiladi. Bunda Z = X almashirish bajarilsa,
7,0 +7,00 = [[n® + f,(-H)t+ f,(-x), 0<x<1 (16)
0
hosil bo‘ladi.
Endi (11) va (12) ifodalarni
Iimou(x, y)= Iimou(x, y), 0<y<1/2 (7)
X—>—y— X—>—y+
shartga bo‘ysundirib,

2y 0
7,(0)+7,2y) — [ (O dt=7](0) +7;(-2y) + [ vy (t)dt, 0< y <12
0 -2y
tenglik topiladi.

Oxirgi tenglikda 7, (0) = 7, (0) ekanligini e’tiborga olib hamda 2y = z almashirish bajarsak,

,(2) -7, (-2) :j[vz(t)+vf(—t)]dt, 0<z<1 (18)

munosabat kelib chigadi.
(18) tenglikda (7), (8) shartlarni va yuqoridagi belgilashlarni e’tiborga olib,
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7,(2) +7,(2) = [[v, (1) + 0, (-)]dt + g, (~2) (19)

ifoda topiladi. Bu ifodada z =Yy almashirish bajarsak,

n(Y)+7,(y) = [[v, (1) + g, (-]t + g, (-y) (20)

munosabat hosil bo‘ladi.
Endi (15) va (19) tengliklarning o‘ng tomonlarini tenglab, so‘ngra differensiallab va
Z = X almashtirish bajarsak,

v, (X) = v,(X) =9,(—x) — f,(—x) + g;(—x) — f,(—X), O<x<l1 (21)
kelib chigadi.
D, sohada (2) tenglama va (4), (6) shartlarda y — +0 limitga o‘tsak,
7' (0 =(x), 0<x<1; 7,(0)=£,(0)/2, 5,1)=(0) £,(0)/2+0(0)  (22)

masalaga ega bo‘lamiz.
Hosil bo‘lgan bu chegaraviy masalada

2(x) = 7,(X) + 7,(0)(x = 1) — 7, (1) x (23)
almashtirish bajarsak, ushbu
2"(X)=7/(x)=v,(x), 2(0)=2(1) =0
bir jinsli masala hosil bo‘ladi. Oddiy differensial tenglamalar kursidan ma’lumki, Grin funksiyasi
usuliga ko‘ra bu masalaning yechimi

z(x) = _l[G(x,t)vl(t)dt (24)

(t-1x, 0<x<t, _ _ o
ko‘rinishda bo‘ladi, bu yerda G(X,t) = — masalaning Grin funksiyasi.
(x=Dt, t<x<l1

(24) ni (23) tenglikka qo‘yib, ba’zi amallarni bajarsak,

7,(X) = jG(x,t)vl(t)dt +y,(x), 0<x<1 (25)

kelib chigadi, bu yerda w, (X) = [(a(O) -1) f,(0)/2+ gp(O)] x+ f,(0)/2.
Endi D, sohada BS, masalani qaraylik: D, sohada (2) tenglamaning
u(x,y)eC (50) N C2(Dy) sinfga tegishli va (4), (5) chegaraviy hamda u(x,0) = 7,(x),
0<x<1; u(0,y)=7,(y), 0<y <1 shartlarni ganoatlantiruvchi yechimi topilsin, bu yerda
7,(X) funksiya (25) formula bilan aniglanadi.

Demak, U, - u,= 0 tenglama uchun birinchi chegaraviy masalaning yechimi
ko‘rinishiga asosan D, sohada (2) tenglama uchun qo‘yilgan masalaning yechimini[1]
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u(%,y) = [ 7,()Gy (%, ¥;0,)dn

—I F()G(x y;Lm)dn + jrl(g)Gl(x, y;&,0)d& (26)

formula bilan yozish mumkin.

Bunda (4) shartga ~ ko‘ra F(n) =u(,n)=a(m)u(0,n) + @(n) yoki
F(n7)=a(n)r,(n) + ¢(7) ekanligini e’tiborga olib, (26) ni X bo‘yicha differensiallab,
so‘ngra X — 0 da limitga o‘tsak,

v,(¥) = [£,(0)Gy, (0, ¥;:0,m)dn — [ ()7, ()G, (0, yiLm)dip +

1 Y
+[7.(9)G,,(0,y:¢,0)d& - [ p(7)Gy, (0, y:L )7y
0 0
kelib chigadi. Oxirgi tenglikda G, =G,, , G, =—G,, ekanligidan

v,(¥) = [ 7,(7)G,, (0, y:0.n)dn — [ ()7, (n)G,,, (0, y:L,m)dny -

1

~[2,(£)5,.(0,y:£,00d¢ - [ 9(m)G,, (0, y;L n)dn (27)

0
hosil bo‘ladi, bu yerda

i egmony] [ (eeg-2n)’

G,(X, Y &) = zJTZ{ { at—7) } exp{ at—7) }
_ X—&—2n)? _(x+&-2n)?

g S 3 2]

Bunda (16), (21) va (25) munosabatlardan ushbu

v, (X) =v,(X) +y,(x), 0<x<1, (28)
rl(X)=jG(X,t)V2(t)dt+w3(X), 0<x<1, (29)
7,(X) = j-G(X,t)VZ (t)dt —j(.vz (t)dt +y.(x), 0<x<1 (30)

tengliklar kelib chigadi, bu yerda
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w,(X) = 0,(=Xx) = f,(=x) + 95 (=X) = F,(=Xx), w,(X)= IG(th)Wz (Hdt +y,(x),

v, () ==] g,(-)dt = [ g(-t)dt = £,(0), w5 () =y, () +y5(%).

Endi (27) tenglikni o‘ng tarafini bo‘laklab integrallab, so‘ngra yuqoridagi munosabatlardan
foydalansak,

v()=] [ | Gn(n,t)vz(t)dtjez(o, y;0.7)dn = [v, ()G, (0, y;0,m)d7 -

0

-[ ( e, t)w(t)dt]a ()G, (0, y;Lm)dn + [ [ | vz(t)dt)a (1G5 (0, y;1,7)dn -
-[ [ [G,m. t)vz(t)dtJa(n)G (0, y;Lm)dn + j v,(ma(m)G,(0, y:Ln)dn -
-[ ( | Gg(é,ovz(t)dt]csz(o, Y;£,0)d¢ +yg(y) (31)

hosil bo‘ladi, bu yerda

ws(y) = [ ()G, (0, y;0,m)dn— [ ' (7w (1)G, (0, y:1,7)dn —

~[ws)a(m)G,(0,y:1m)dn - [w4(£)G,(0,y:£,0)dé - [¢'(7)G, (0, y:Lm)dn .

(31) tenglikda integralash tartibini o‘zgartirib, ba’zi hisoblashlarni bajarib, v,(y) noma’lum
funksyaga nisbatan

va(Y) = [, OK (v Dt + 7 (y). (32)

0
2-tur Fredgolm integral tenglamasi hosil bo‘ladi, bu yerda K,(y,t) —integral tenglama yadrosi,

K (vt =) D +K (D), Ostsy,
0= Ky (y:1), y<t<l,

Ky (y,t) = I(G,, (7.1G,(0,y;0,7) - G(n,)'(7)G,(0, y;1.77) -

G, (7,)a()G,(0,y;1n7))dn - [G.(£,1)G,(0,y;£,0)d¢,
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Ky (y.t) = Ia'(ﬂ)Gz (0, y:Lm)dn +a(t)G,(0,y;11) - G,(0,y;0,1).

Masala yechimining yagonaligini ekstremum prinsipi yordamida isbotlaymiz. Buning uchun bir
jinsli nolokal masalani qaraymiz, ya’ni

p(y) = f.(y) = f,(y) = 9,(x) = 9,(x) =0. (33)
bo‘lIsin.
1-teorema. Agar (33) bajarilsa, u holda nolokal masalaning U(X, Y) yechimi o‘zining musbat

maksimum (manfiy minimum)iga yopiq IZ_)0 sohaning @ U A B, chegarasida erishadi.
Parabolik tipdagi tenglamalar uchun ma’lum bo‘lgan ekstremum prinsipiga asosan (1)
tenglamaning U(X,y) yechimi D, sohaning ichki nugtalarida o‘zining musbat maksimum

(manfiy minimum)iga erishmaydi. (1) tenglamaning u(X, y) yechimi OB, intervalning ichki
nuqtalarida o‘zining musbat maksimumiga (manfiy minimumiga) erishmasligini ko‘rsatamiz.
Buning uchun teskarisini faraz gilamiz. u(X,y) funksiya OB, intervalning biron

E(X,,0) € OB, nuqtasida o°zining musbat maksimum (manfiy minimum)iga erishsin.
(33) ga ko‘ra (16), (29) va (30) munosabatlardan

7, (%) +7,(%) = ]‘Ovl(t)dt

7, (%) = _:‘L‘G(XO’t)VZ (t)dt (34)

Xo

7,(%,) = jG(XO,t)vz(t)dt - j v, (t)dt

0 J

tenglikka ega bo‘lamiz.
E(X,,0) nugtada 7,(X,) >0 (7,(X,) <0), 7,(X,) =0 va (34) tenglikdan
7,(X,) >0 (7,(X,) <0), v,(X,) <0 (v,(X,) >0), v;(X,) >0 (v,(X,) <0) (35)
tengsizlikni olamiz.
Ikkinchi tomondan E(X,,0) nugtada 7;(x,) <0 (7;(X,) >0) shartga ko‘ra,

2'1” (X) =v,(X) tenglikdan quyidagi tengsizlikka ega bo‘lamiz:
V(%) <0 (v,(X,) > 0).

Bu tengsizlik nolokal masalaning 2) shartiga asosan (35) tengsizlikka ziddir. Demak,
u(x,y) funksiya OB, intervalning ichki nuqtalarida o‘zining musbat maksimum (manfiy
minimum)iga erishmaydi.

Shunday qilib, nolokal masalaning U(X,Y) yechimi o‘zining musbat maksimum

(manfiy minimum)iga yopiq 50 sohaning @ U A,B, chegarasida erishadi.
2-teorema. Qo‘yilgan nolokal masalaning yechimi yagonadir.
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Buning uchun bir jinsli masala faqat trivial yechimga ega ekanligini ko rsatish kerak. Bunda 1-

teoremaga ko‘ra (33) ni e’tiborga olib, yopiq [_)0 sohada U(X,Y) =0 tenglikka ega bo‘lamiz.
D,uD,uD,uUD, sohada (1) tenglama uchun qo‘yilgan Koshi masalasi yechimining

yagonaligiga asosan yopiq ﬁuﬁzuiui sohada U(X,y)=0 ni hosil gilamiz.

Shunday gilib, yopiq D sohada u(x,y)=0.
Bundan, D sohada nolokal masala yechimining yagonaligi kelib chigadi.
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